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l h r  e e x D l i  

Abs t rac t  

i t  m u l t i g r i d  methods, N i l s  method, 
Jameson's f i n i t e - v o l u m e  method, and a f i n i t e -  
d i f f e r e n c e  method based on B r a n d t ' s  work, a r e  
desc r ibed  and compared f o r  two model problems. A l l  
t h r e e  methods use an e x p l i c i t  m u l t i s t a g e  Runge- 
K u t t a  scheme on t h e  f i n e  g r i d ,  and t h l s  scheme i s  
a l s o  descr ibed.  Convergence h i s t o r i e s  f o r  i n v i s c i d  
f l o w  over a bump I n  a channel f o r  t h e  f i n e - g r i d  
scheme a lone  show t h a t  convergence r a t e  i s  propor-  
t i o n a l  t o  Courant number and t h a t  i m p l i c i t  r es ldua l  
smoothing can s i g n i f i c a n t l y  acce le ra te  t h e  scheme. 
N i l s  method was s l i g h t l y  s lower than t h e  
i m p l i c i t l y - s m o o t h e d  scheme alone. B r a n d t ' s  and 
Jameson's methods a r e  shown t o  be e q u i v a l e n t  i n  
fo rm b u t  d i f f e r  i n  t h e i r  node versus ce l l - cen te red  
imp lementa t ions .  They a r e  about 8.5 t imes f a s t e r  
than N i l s  method i n  terms o f  CPU t ime.  Resu l t s  f o r  
an o b l i q u e  shock/boundary l a y e r  i n t c r a c t ! o n  p r o b l e m  
v e r i f y  t h e  accuracy o f  t h e  f i n i t e - d i f f e r e n c e  code. 
A l l  methods slowed cons ide rab ly  on t h e  s t re t ched  
viscous g r i d  b u t  B r a n d t ' s  method was s t i l l  2.1 
t imes f a s t e r  than N i l s  method. 

I n t r o d u c t i o n  

l h r e e  e x p l i c i t  m u l t i g r i d  methods now be ing  
used f o r  s o l u t i o n  o f  t h e  Eu le r  equat ions and occa- 
s i o n a l l y  f o r  t h e  Navier-Stokes equat ions a re  d i s -  
cussed i n  t h i s  paper. The f i r s t  method was 
developed by N i  i n  19811 t o  acce le ra te  the  con- 
vergence o f  h i s  own f i n e - g r i d  Eu le r  scheme. Sub- 
sequent work by Johnson and Chima2.5 genera l l zed  
the  method t o  o the r  f i n i t e - d i f f e r e n c e  f i n e - g r i d  
schemes and t o  v iscous  f l ows  f o r  p r a c t i c a l  tu rbo-  
machinery problems. A v a r i a t i o n  o f  N i l s  method has 
a l s o  been used by H a l l  f o r  i n v i s c i d  f l ows  over  a i r -  
f o i l s . 6  
and Baker i n  19837 t o  a c c e l e r a t e  t h e  convergence 
o f  t he  f i n i t e - v o l u m e  m u l t i - s t a g e  Runge-Kutta 
schemes developed by Jameson, Schmidt, and 
l u r k e l . 8  Th is  method has been used very  suc- 
c e s s f u l l y  f o r  i n v l s c i d  two-dimensional  f l ows  over 
a i r f o i l s  and th ree -d lmens iona l  f l ows  over  a i r c r a f t  
con f i gu ra t i ons .9  and f o r  two-dimensional  v iscous 

A second method was developed by Jameson 

f lows.10  

M u l t i g r i d  methods were f i r s t  developed f o r  
e l l l p t i c  problems and have been analyzed i n  d e t a i l  
by 8randt.11 
here  Chima and Scha f fe r  used Brand t ' s  approach t o  
develop a f i n i t e - d i f f e r e n c e  m u l t i g r i d  E u l e r  and 
Navier-Stokes code. Many o f  Jameson's ideas  were 
used on the  f i n e  g r i d  s o  t h a t  a d i r e c t  comparison 
cou ld  be made between t h e  bas i c  Runge-Kutta scheme, 
t h e  m u l t i g r i d  scheme, and N i l s  scheme. I n  pa r -  
a l l e l ,  Tu rke l  has r e v i s e d  Jameson's f i n i t e - v o l u m e  
m u l t i g r i d  Eu le r  codes (FL052MG and FL053MG) 
a l l o w i n g  comparisons w i t h  t h i s  method as w e l l .  

compare the  N i .  Jameson, and Brandt types  o f  mul- 
t i g r i d  schemes. A l l  o f  these schemes use the  
Runge-Kutta method as t h e  bas i c  a l g o r i t h m .  There- 
f o r e  we w i l l  d iscuss  t h e  Runge-Kutta method, i t s  
assoc ia ted  boundary c o n d i t i o n s  and a r t i f i c i a l  v i s -  
c0 : i t y  t e r n  i n  b o t h  f i n i t e - d i f f e r e n c e  and  f i n i t e -  
volume forms. We w i l l  a l s o  d iscuss  o t h e r  con- 
vergence a c c e l e r a t i o n  techniques i n c l u d i n g  spa- 
t i a l l y - v a r y i n g  t ime  s teps  and r e s i d u a l  smoothing. 
D e t a i l s  o f  t h e  t h r e e  m u l t i g r i d  methods w i l l  then  be 
presented. F i n a l l y  r e s u l t s  f o r  severa l  i n v i s c i d  
and viscous f l ows  w i l l  be used t o  demonstrate the  
r e l a t i v e  e f f e c t i v e n e s s  o f  t h e  schemes and t o  p o i n t  
ou t  areas where f u r t h e r  work i s  needed. 

For the  t h i r d  method cons idered 

The i n t e n t  o f  t h i s  paper i s  t o  develop and 

Governing Equat ions 

The two-dimensional  unsteady t h i n - l a y e r  
Nav ie r -S tokes  equat ions  may be w r i t t e n  i n  f u l l y  
conse rva t i ve  fo rm f o r  an a r b i t r a r y  coo rd ina te  sys- 
tem as f o l l o w s :  

( 1 )  
-1 .. 

atq = -J[aFE t an(F - Re s )  - 01 

R, t h e  r e s i d u a l  

where 

*A lso ,  I n s t i t u t e  f o r  Computer A p p l i c a t i o n s  i n  
Science and Eng ineer ing ,  Langley Research Center, 
Hampton, V i r g i n i a  23665. 

**Work funded under Space A c t  Agreement 
C99066-G; p r e s e n t l y  a t  Berea Co l lege,  Berea. 
Kentucky 40403. 

! 2! 

e = p [ C V T  + 2 ( u  1 2  t v 2 ) ]  i s  the  t o t a l  energy per 

u n i t  volume. 
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t v2)] i s  t h e  s t a t i c  

p ressure  and D i s  an a r t i f i c i a l  d i s s i p a t i o n  te rm 
t o  be descr ibed l a t e r  

The v iscous  f l u x  te rm S i s  g iven  by: 

S = J  p 

- -I 
where 

2 4  c = n  t -  
3 x 3  

I n  Eqs. ( 1 )  t o  ( 3 )  
Jacobian: 

J = Exny - Eynx = 

c a u t c a v  
2 n  311 

t ( c  u t c v ) a  u 
1 2 n  

t ( c  u t c v ) a  v 
2 3 n  

J i s  t h e  t r a n s f o r m a t i o n  

1 1 - 
xEy, - xnyE - ( c e l l  volume) 

( 3 )  

( 4 )  

The c o n t r a v a r i a n t  v e l o c i t y  components U and V 
a long the  5-  and n -g r id  l i n e s  a r e  g i ven  by: 

u = E X U  t E y V ;  v = ‘Ixu t nyV (5) 

- S p a t i a l  D i f f e r e n c i n g  

Two approaches are used t o  c o n s t r u c t  d i f f e r e n c e  
fo rmulas  on genera l  c u r v i l i n e a r  g r i d s .  I n  t h e  
f i n i t e - d i f f e r e n c e  approach new independent v a r i a b l e s  
E ,  0 a r e  chosen so  tha t  E = E(x,y) ,  II = n (x , y )  
maps the  o r i g i n a l  domain t o  a r e c t a n g l e  and each cu r -  
v i l i n e a r  coo rd ina te  t o  a s t r a i g h t  l i n e .  The equa- 
t i o n s  a r e  then transformed t o  ( E .  n) coord ina tes  
and d i f f e r e n c e d  based on even spac ing  At = An = 1. 
I n  t h e  f i n i t e - v o l u m e  approach t h e  equat ions  a r e  
r e w r i t t e n  i n  i n t e g r a l  form and t h e  d ivergence theo- 
rem i s  used t o  express the  f l u x e s  i n  terms o f  su r -  
face  ( o r  l i n e )  i n t e g r a l s .  These i n t e g r a l s  a r e  then 
approximated by some i n t e g r a t i o n  fo rmula .  

Using c e n t r a l  d i f f e rences  these two approaches 
g i v e  r i s e  t o  i d e n t i c a l  formulas f o r  i n t e r i o r  c e l l s  
even f o r  t h e  f u l l  Navier-Stokes equat ions ,  see e.g., 
Ref.  12. Though i t  i s  n o t  impera t i ve ,  f i n i t e  d i f -  
fe rence schemes usua l l y  l o c a t e  the  v a r i a b l e s  a t  t he  
nodes w h i l e  f i n i t e  volume schemes u s u a l l y  l o c a t e  
the  v a r i a b l e s  a t  t h e  center o f  t h e  c e l l  where they  
rep resen t  a cel l -averaged q u a n t i t y .  
between c e l l - c e n t e r e d  and node-centered schemes a r e  
ma in l y  n o t i c e d  a t  boundaries and i n  t h e  t r a n s f e r  o f  
q u a n t i t i e s  between coarse and f i n e  g r i d s .  
d i f f e r e n c e s  w i l l  be discussed l a t e r .  

The d i f f e r e n c e s  

These 

For s t a b i l i t y  and shock c a p t u r i n g  bo th  schemes 
r e q u i r e  an a r t i f i c i a l  v i s c o s i t y  t e r m  which w i l l  be 
discussed. A l so  bo th  schemes use a l o c a l  t i m e  s tep  
and i m p l i c i t  r e s i d u a l  smoothing t o  a c c e l e r a t e  con- 
vergence a t  t h e  expense o f  l o s i n g  t ime  accuracy.  
I n  a d d i t i o n  t h e  f i n i t e - v o l u m e  code uses en tha lpy  
damping .8 

Boundary Cond i t i ons  - F i n i t e - D i f f e r e n c e  Code 

For subsonic f l o w ,  i n l e t  values o f  Po,  T o ,  
and v a r e  s p e c i f i e d .  The ups t ream-runn ing  Riemann 
i n v a r i a n t  R -  = u - Z c / ( y - l )  i s  e x t r a p o l a t e d  f rom 
t h e  i n t e r i o r  and i s e n t r o p i c  r e l a t i o n s  a r e  used t o  
compute t h e  necessary f l o w  q u a n t i t i e s .  For super-  
son ic  f l o w  a l l  i n f l o w  q u a n t i t i e s  a r e  s p e c i f i e d .  

For subsonic f l ow ,  e x i t  s t a t i c  p ressure  i s  
s p e c i f i e d  and p .  u, and v a r e  e x t r a p o l a t e d  f rom 
t h e  i n t e r i o r .  For supersonic f l o w  a l l  o u t f l o w  
q u a n t i t i e s  a r e  e x t r a p o l a t e d .  

On t h e  w a l l s  tangency i s  en forced f o r  i n v i s c i d  
f l o w  by e x t r a p o l a t i n g  U and s e t t i n g  V = 0. For 
v iscous  f l ows  u = v = 0 .  Dens i t y  i s  e x t r a p o l a t e d  
t o  the  w a l l s .  Sur face  pressures  a r e  computed u s i n g  
t h e  normal momentum equat ion :  

where U = 0 on t h e  su r face  f o r  v iscous  f l ows .  

I n  t h e  f i n i t e - d i f f e r e n c e  code, boundary con- 
d i t i o n s  a r e  a p p l i e d  a f t e r  a l l  stages o f  t h e  Runge- 
K u t t a  scheme have been completed. 

Boundary Cond i t i ons  - F i n i t e  Volume Code 

For e x t e r n a l  f l ows  the  incoming Riemann 
i n v a r i a n t  R +  = u i. 2 c / ( y - l ) ,  t h e  en t ropy ,  and t h e  
t a n g e n t i a l  v e l o c i t y  a re  s p e c i f i e d  upstream. The 
ou tgo ing  Riemann i n v a r i a n t  R -  = u - 2c / (y -1)  i s  
e x t r a p o l a t e d .  A t  a subsonic o u t f l o w  t h e  s i t u a t i o n  
i s  reversed w i t h  t h e  f i r s t  t h r e e  q u a n t i t i e s  
e x t r a p o l a t e d  and R -  s p e c i f i e d .  The downstream 
t o t a l  energy i s  eva lua ted  assuming a cons tan t  t o t a l  
en tha lpy  . 

For i n t e r n a l  f l ows  the  t o t a l  en tha lpy ,  t h e  
en t ropy ,  and the  t a n g e n t i a l  v e l o c i t y  a r e  s p e c i f i e d  
a t  t he  i n l e t  and R -  i s  ex t rapo la ted .  A t  t h e  
e x i t  t h e  s t a t i c  p ressure  i s  s p e c i f i e d  and t h e  
en t ropy ,  t he  t a n g e n t i a l  v e l o c i t y ,  and R f  a r e  
ex t rapo la ted .  

Va r iab les  a r e  no t  de f i ned  d i r e c t l y  on s o l i d  
sur faces  where o n l y  the  normal f l u x e s  a r e  needed, 
Since V = 0 on s o l i d  sur faces  i t  f o l l o w s  t h a t  F 
depends o n l y  on p a t  t h e  su r face  (Eq. 2 ) .  The 
pressure  i s  c a l c u l a t e d  f rom t h e  normal momentum 
Eq. ( 6 ) .  I n  p r a c t i c e  a f i c t i t i o u s  c e l l  i s  p laced 
i n s i d e  t h e  body. I n  t h i s  c e l l  t h e  p ressu re  i s  found 
from Eq. ( 6 ) .  t h e  d e n s i t y  and normal v e l o c i t y  a r e  
s e t  symmetric w i t h  e x t e r n a l  values, and t h e  tan -  
g e n t i a l  v e l o c i t y  i s  s e t  an t i symmet r i c .  For v iscous  
f l ows  s imp le  e x t r a p o l a t i o n  o f  t h e  pressure  i s  su f -  
f i c i e n t  and b o t h  v e l o c i t y  components a r e  s e t  a n t i -  
s ymmet r i c. 
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- A r t i f i c i a l  D i s s i p a t i o n  - F i n i t e - D i f f e r e n c e  Code 

D i s s i p a t i v e  terms c o n s i s t i n g  o f  f o u r t h  and 
second d i f f e r e n c e s  a r e  added t o  p revent  odd-even 
p o i n t  decoup l i ng  and t o  a l l o w  shock cap tu r ing  
r e s p e c t i v e l y .  The d i s s i p a t i v e  te rm D i n  Eq. (1 )  
i s  g i v e n  by :  

Dq = (DE + Dn)q ( 7 )  

I n  t h e  f l n i t e - d i f f e r e n c e  code the  d i s s i p a t i v e  
opera to rs  a r e  non-conserva t ive .  The < - d i r e c t i o n  
opera to r  i s  g i ven  by:  

where 

Now C I s  g i ven  by t h g  sum of,the s p e c t r a l  
r a d i i  o f  t h e  Jacobians o f  E and F. De f ine  

then 

I, - 1  
C = d A )  + P ( B )  = Jht (15 )  

An a l t e r n a t i v e  i s  i o  use C = p ( a )  I n  t h e  
6 - d i r e c t i o n  and C = p ( B )  i n  t h e  n - d i r e c t i o n .  

(9 )  J c =  

4 s  t he  a rc  l eng th  a long t h e  g r i d  i n  the  d i r e c t i o n  of I n  t h i s  case t h e  m e t r i c  q u a n t i t i e s  i n  C rep resen t  
t h e  d i s s i p a t i o n .  The t e r m s  V2 and V4 a re  a l e n g t h  sca le  normal t o  t h e  d i r e c t i o n  o f  t h e  d l s -  
g i  ven by : s i p a t i o n ,  which i s  e x a c t l y  oppos i te  t o  t h a t  used i n  

t h e  f i n i t e - d i f f e r e n c e  code Eq. ( 9 ) .  

Mu l t i -S tage  Runge-Kutta Schemes 
v2 = Ir2MAX ( V i , t l .  u i , j *  v i - 1 . j )  

V4 = MAX (0 ,  p4 - V2) (10) 
An e x p l i c i t  Runge-Kutta scheme i s  used t o  

advance t h e  Eu le r  o r  t h i n - l a y e r  Navier-Stokes equa- 
t i o n s  i n  t ime  f rom an i n i t i a l  guess t o  a steady 
s t a t e .  Given t h e  r e s i d u a l  R f rom a f l n i t e -  

f l o w  equat ions ,  a k -s tage scheme can be w r i t t e n  as 

where 

(11) d i f f e r e n c e  o r  f i n i t e - v o l u m e  r e p r e s e n t a t i o n  o f  t h e  

and 

1 
v4 = O(K) 

Swi tch ing  f u n c t i o n s  used I n  Eq. (10 )  increase 
V 2  s l i g h t l y  and sw i t ch  o f f  V 4  a t  shocks, 
e f f e c t i v e l y  e l i m i n a t i n g  overshoots ahead o f  shocks. 

terms a r e  o f  t h i r d  o rder  and thus do n o t  d e t r a c t  
f rom t h e  fo rmal  second-order accuracy o f  the  
scheme. Near shocks v i ,  i s  l a r g e  and the  
second-d i f f e rence  d i s s i p a i i o n  becomes l o c a l l y  o f  
f i r s  t o rde r .  

A r t i f i c i a l  D i s s i p a t i o n  - F in i te -Vo lume Code 

I n  smooth reg ions  o f  t he  f l o w  the  d i s s i p a t l v e  

The a r t i f i c i a l  v i s c o s i t y  terms i n  the  f i n i t e -  
volume code a r e  s i m i l a r  t o  those i n  the  f i n i t e -  
d i f f e r e n c e  code. l h e  d i s s i p a t i v e  term D i s  
eva lua ted  I n  conserva t i on  fo rm us ing  

D m  = a6c (v2qE - v4qEF6) (13)  

I n  recen t  ve rs ions  o f  t h e  code t h e  f o u r t h  d i f -  
f e rence  te rm i s  computed as t h e  second d i f f e r e n c e  
o f  CV4qE6 r a t h e r  than as g i v e n  above. V2 and V4 
a r e  g i v e n  by ( l O z l l )  as be fore  w i t h  t y p i c a l  values 
o f  t h e  cons tan ts  be ing :  

1 1  
lJ2 = a t o  7 

1 1 
v4 = 128 to 64 

A k -s tage scheme used w i t h  c e n t r a l  d i f f e r e n c i n g  
o f  t h e  i n v i s c i d  equat ions  can be made s t a b l e  f o r  a 
Courant number up t o  A* = k-1, depending on t h e  
cho ice  o f  Qi. The values o f  ai and X* used 
here  a r e  g i ven  i n  Table I .  For cons is tency  we must 
have ak = 1 .  For non l i nea r  problems the  schemes 
a r e  second-order accura te  i n  t ime  i f  ak-1 = 1/2.  
Schemes o f  t h e  fo rm o f  Eq. (16 )  cannot be more than 
second-order accu ra te  f o r  any values ak. 

For e f f i c i e n c y  bo th  t h e  p h y s i c a l  and a r t i f i c i a l  
d i s s i p a t i o n  terms a r e  c a l c u l a t e d  once based on 
then h e l d  cons tan t  f o r  t h e  remain ing  stages. For a 
f i v e - s t a g e  scheme these terms a r e  u s u a l l y  reeva lu -  
a ted  a f t e r  t h e  f i r s t  stage. I n  e i t h e r  case t h e  
m u l t i - s t a g e  schemes have t h e  d e s i r a b l e  p r o p e r t y  
t h a t  i f  t h e  s o l u t i o n  converges, i . e . ,  Rq(0) = 0, 
then q ( i )  = q ( 0 )  and qn+1 = qn, independent o f  t he  
t ime  s tep .  

q(O), 

S p a t i a l l y - V a r i a b l e  Time Step 

Both t h e  f i n i t e - d i f f e r e n c e  and f i n i t e - v o l u m e  
codes use a s p a t i a l l y - v a r i a b l e  t ime  s tep  t o  
a c c e l e r a t e  convergence. I n  t h e  f i n i t e - d i f f e r e n c e  
code t h e  t i m e  s tep  i s  g i v e n  by: 
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Th is  i s  
d i t i o n s  and 
s o l u t i o n .  

I n  t h e  
t i m e  s tep  i s  

ca l cu la ted  based on t h e  i n i t i a l  con- 
s s to red  and no t  updated d u r i n g  t h e  

i n i t e -  volume code the  two-d imens iona l  
g i v e n  by a conserva t i ve  es t ima te  as: 

where 

Mu l t i -S tage  Runge-Kutta Resu l ts  

A model problem o f  i n v i s c i d ,  t ranson ic  f l o w  
over  a 10 pe rcen t  t h i c k  c i r c u l a r - a r c  bump i n  a 
channel  was used t o  i n v e s t i g a t e  t h e  e f f e c t s  o f  num- 
ber  o f  stages and Courant number on convergence 
r a t e .  The g r i d  f o r  t h i s  problem has 129 by 33 
p o i n t s  and i s  shown a t  t h e  top  o f  F i g .  1 .  The 
i n l e t  Mach number 0.675 i s  t he  one-dimensional  
chok ing  Mach number f o r  t h i s  case. Mach contours  
a t  t h e  bo t tom o f  F i g .  1 show t h a t  a l t hough  a super- 
son ic  bubb le  and shock do develop, t h e  two- 
d imens iona l  f l o w  does no t  choke. 

Convergence h i s t o r i e s  f o r  t he  f i n i t e - d i f f e r e n c e  
scheme w i t h o u t  m u l t i g r i d  i n  F i g .  2 show t h e  l o g  o f  
t h e  RMS r e s i d u a l  i n  dens i t y  versus i t e r a t i o n  f o r  two 
t o  f i v e - s t a g e  schemes. Each scheme was run  near i t s  
maximum Courant number. A s  expected, convergence 
r a t e  improves w i t h  Courant number. The two-stage 
scheme r e q u i r e d  29.6 sec o f  cpu t ime  on t h e  Cray 
X-MP 2/4 a t  N A S A  Lewis Research Center, and the  
number o f  i t e r a t i o n s  reached i n  t h a t  t ime  i s  marked 
on t h e  o the r  curves .  The h i g h e r - l e v e l  schemes a r e  
more e f f i c i e n t  s ince  they o b t a i n  h ighe r  Courant 
numbers per  number of stages w h i l e  r e q u i r i n g  fewer 
eva lua t i ons  o f  t h e  a r t i f i c i a l  d i s s i p a t i o n .  

t h r e e  decade drop  i n  the res idua ls ,  o n l y  t h e  f i v e -  
s tage r e s u l t s  a r e  f u l l y  converged a t  2000 
i t e r a t i o n s .  7he four -s tage r e s u l t s ,  however, a re  
converged t o  p l o t t i n g  accuracy.  

I f  t h e  convergence c r i t e r i o n  'IS taken as a 

I m p l i c i t  Residual  S m o o t h i g  

Residual  smoothing was in t roduced  by L e r a t  (see  
f o r  example Ref. 13)  f o r  use w i t h  t h e  Lax-Wendroff 
scheme and was l a t e r  app l i ed  t o  Runge-Kutta schemes 
by Jameson.14 
t h e  r e s i d u a l  ca l cu la ted  f r o m  Eq. ( 1 )  w i t h  a va lue  
smoothed by an i m p l i c i t  f i l t e r .  e.g., 

The technique i n v o l v e s  r e p l a c i n g  

where d E E  and d a r e  s tandard  second-d i f f e rence  
opera to rs  and C S  and c,, a r e  smoothing parameters.  

Res idua l  smoothing inc reases  t h e  suppor t  o f  t h e  
f i n i t e - d i f f e r e n c e  scheme and thereby  inc reases  t h e  
s t a b i l i t y  range o f  t h e  t ime-s tepp ing  scheme. L inea r  
a n a l y s i s  has shown t h a t  t h e  Runge-Kutta scheme w i t h  
i m p l i c i t  smoothing may be made u n c o n d i t i o n a l l y  s t a -  
b l e  i f  c i s  s u f f i c i e n t l y  l a r g e .  I n  one dimension 

g i ves  u n c o n d i t i o n a l  s t a b i l i t y  where A* i s  t h e  
Courant number o f  t h e  unsmoothed scheme and A i s  a 
l a r g e r  o p e r a t i n g  Courant number. I n  two dimensions 
c may be reduced s u b s t a n t i a l l y  and d i f f e r e n t  values 
may be used i n  each d i r e c t i o n .  T u r k e l l 5  has shown 
t h a t  s i n c e  l a r g e  values o f  c can decrease t h e  
convergence r a t e  o f  t he  scheme, t h e  bes t  s t r a t e g y  
i s  n o t  t o  maximize the  Courant number b u t  s imp ly  t o  
i nc rease  the  Courant number o f  t h e  unsmoothed scheme 
by a f a c t o r  o f  two t o  t h r e e .  

I m p l i c i t  r e s i d u a l  smoothing r e q u i r e s  s o l u t i o n  
o f  a s c a l a r  t r i d i a g o n a l  equa t ion  f o r  each v a r i a b l e  
i n  each d i r e c t i o n ,  and adds 10 t o  15 pe rcen t  t o  t h e  
t o t a l  CPU t ime  f o r  a s o l u t i o n  on a Cray X-MP. I n  
t h e  f i n i t e - v o l u m e  code i t  i s  a p p l i e d  a f t e r  each 
Runge-Kutta stage. I n  t h e  f i n i t e - d i f f e r e n c e  code 
i t  i s  a p p l i e d  a f t e r  eve ry -o the r  stage w i t h  somewhat 
l a r g e r  values o f  C .  

F igu re  3 shows t h e  e f f e c t s  o f  i m p l i c i t  smooth- 
i n g  on convergence r a t e  o f  t h e  f i v e - s t a g e  scheme 
f o r  t h e  problem o f  F ig .  1 .  The t o p  curve  i s  f o r  
t h e  unsmoothed scheme a t  a Courant number o f  t h r e e  
and i s  d u p l i c a t e d  f rom F i g .  2. Th is  scheme con- 
verges w i t h  a s p e c t r a l  r a d i u s  o f  about 0.997. The 
m idd le  curve  i s  f o r  a Courant number o f  s i x  w i t h  
smoothing a f t e r  each stage. I t  converges about 
t w i c e  as f a s t  as t h e  unsmoothed scheme w i t h  a spec- 
t r a l  r a d i u s  o f  0.994. The bo t tom curve  f o r  a Cour- 
an t  number o f  n i n e  shows a s p e c t r a l  rad ius  o f  
0.991. Again t h e  convergence r a t e  improves w i t h  
Courant number bu t  t he  amount o f  improvement 
decreases as the  Courant number becomes la rge .  

C i r c l e s  on t h e  curves can be used t o  compare 
convergence l e v e l  a t  a g i ven  CPU t ime t o  t h a t  o f  
t h e  two-s tage  scheme shown i n  F ig .  2. 

- Mu1 t i q r i d  Mefh- 

f o r  e l l i p t i c  problems. B r a n d t l l  has descr ibed 
some o f  t he  e a r l i e r  vers ions  o f  these a l g o r i t h m s .  
Th is  approach supposes t h a t  one has an i t e r a t i o n  
procedure which q u i c k l y  reduces t h e  h i g h  frequency 
e r r o r  b u t  then slows down i n  reduc ing  the  low f r e -  
quency e r r o r .  One a p p l i e s  t h e  bas i c  i t e r a t i o n  p ro -  
cedure a f e w  t imes t o  remove t h e  h i g h  frequency 
component o f  t he  e r r o r .  The remain ing  e r r o r  i s  then  
f e d  t o  a coarser  g r i d  which can rep resen t  t h e  e r r o r  
s ince  i t  no longer  con ta ins  h i g h  f requenc ies  t h a t  
would be a l i a s e d .  On t h i s  coarser  g r i d  t h e  bas i c  
smoothing a l g o r i t h m  i s  aga in  used and t h e  process 
i s  repeated. 

M u l t i g r i d  a lgo r i t hms  were o r i g i n a l l y  developed 
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N l ' s  Method 

N i l s  method I s  b a s i c a l l y  a one-s tep  Lax- 
F r e d r i c h s  scheme a p p l i e d  t o  t h e  r e s i d u a l  on a 
coarse  g r i d .  N i  used I t  t o  a c c e l e r a t e  h i s  own 
f i n e - g r i d  Eu le r  scheme.1 
MacCormack's f i n e - g r i d  scheme2 and t o  v iscous  
f l o w s  by demonst ra t ing  t h a t  v iscous  terms may be 
neg lec ted  on the  coarse g r i d s .  Johnson a l s o  s i m -  
p l i f i e d  N i ' s  scheme cons ide rab ly  by r e p l a c i n g  the 
f l u x  Jacobian terms w i t h  temporal  d i f f e r e n c e s  o f  
t h e  f l uxes .3  Th is  ' f l u x - b a s e d "  coa rse -g r id  
scheme i s  o u t l i n e d  below. 

Johnson adapted I t  t o  

Given a f i n e - g r i d  s o l u t i o n  q and a f i n e - g r i d  
change 

a coa rse -g r id  change can be es t imated  u s i n g  a 
Tay lo r  se r ies :  

Aqnt+2 = Aqntl t At(Aqntl)t + O(At2) 

The Eu le r  equat ions  a r e  used t o  rep lace  the  t h i r d  
te rm 

and t h e  o rde r  o f  d i f f e r e n t i a t i o n  i s  reversed 

g i v i n g  f i n a l l y  

where 

- n t l  *n 
AE = E - E , e t c .  

Equat ion  ( 2 2 )  
spac ing  2hAt 
= 1, 2. 4 .  8 . 

t 

t 

t 

s implemented on a coarse g r i d  w i t h  
and 2hAn and t ime s tep  hAt, h 
. us ing :  

[Aq - A t i , j ( A i  t Ai) ]  
i t h ,  j + h  

b q  - Ati,j(AE - A F )  
A 1 i t h , j - h  

n+ l  
[Aq - A t i , j ( - A E  - Ai)] 1 i - h ,  j - h  ,, 

( 2 3 )  

The f i n e - g r i d  Runge-Kutta scheme i s  used t o  
qn+ l  advance t h e  s o l u t i o n  one t ime s tep ,  g i v i n g  

ana Aq"; a t  each g r i d  p o i n t .  choos ing  a va iue  
o f  h determines a coarser  g r i d ,  and Eq. (23 )  i s  
then  used t o  determine bqn+2 a t  those coarse-gr id  
p o i n t s .  On t h e  boundar ies i s  taken t o  be 
zero.  O ld  values o f  Agnt l  may be o v e r w r i t t e n  SO 
t h a t  no a d d i t i o n a l  c o a r s e - g r i d  s to rage i s  needed. 
Values o f  Aqnt2 a t  i n te rmed ia te  f i n e - g r i d  po in ts  

a r e  then f i l l e d  i n  by b i l i n e a r  i n t e r p o l a t i o n  and t h e  
f1ne g r i d  i s  updated us ing  qn+2 = q n + l  t Aqn+2. Th is  
leaves us back on t h e  f i n e  g r i d  w i t h  new values o f  
q and Aq, and t h e  process can be repeated f o r  any 
o t h e r  coarse g r i d .  I n  p r a c t i c e ,  t h e  g r i d s  a r e  
advanced f rom f i n e  t o  coarse w i t h  one i t e r a t i o n  on 
each. 

Since the  r i gh t -hand  s i d e  o f  Eq. (23) depends 
s t r i c t l y  on f i n e - g r i d  changes, i f  t h e  f i n e - g r i d  
converges t h e  c o a r s e - g r i d  scheme g i v e n  by ( 2 3 )  can- 
n o t  change the  s o l u t i o n .  Thus, t h e  d e l t a  fo rm o f  
N1-type schemes r e t a i n s  f i n e - g r i d  accuracy.  For t h e  
same reason, a l l  p h y s i c a l  v iscous  d i s s i p a t i o n  terms 
may be neg lec ted  on t h e  coa rse -g r ids  w i t h o u t  
a f f e c t i n g  a v iscous  s o l u t i o n  on t h e  f i n e  g r i d .  

Equat ion  (23 )  may be i n t e r p r e t e d  as a Lax- 
F red r i chs  scheme because o f  t h e  averag ing  o f  Aq 
and o f  t he  f l u x e s .  Th is  averag ing  s t a b i l i z e s  the  
coa rse -g r id  scheme w i t h o u t  t h e  use o f  a r t i f i c i a l  
v i s c o s i t y .  The scheme i s  s t a b l e  t o  a Courant number 
o f  one, which r e s t r i c t s  t h e  f i n e - g r i d  scheme t o  a 
Courant number o f  one. Thus N i l s  scheme i s  a t t r a c -  
t i v e  f o r  a c c e l e r a t i n g  e x p l i c i t  HacCormack-type 
schemes b u t  i s  l i m i t e d  t o  a two-s tage Runge-Kutta 
scheme. I n  the  nex t  s e c t i o n  we d i scuss  a p o s s i b l e  
m u l t i s t a g e  N i - t ype  scheme. 

change Aqnt2 w i l l  be o f  t he  order  o f  t h e  f i n e -  
g r i d  change Aqntl p l u s  a smal l  c o r r e c t i o n  o f  
o rde r  A t .  Thus each coa rse -g r id  s tep  g i ves  e f f e c -  
t i v e l y  one f i n e  g r i d  A t  bu t  w i t h  fewer opera- 
t i o n s .  Th is  i s  demonstrated i n  F i g .  4 where con- 
vergence r a t e s  f o r  t h e  t ranson ic  model problem a r e  
compared f o r  d i f f e r e n t  numbers o f  g r i d s .  The f i n e -  
g r i d  scheme ( 1  g r i d )  i s  a two-stage Runge-Kutta 
scheme w i t h  a Coilrant niimhpr o f  0 95 Convergence 
r a t e s  f o r  two, t h ree ,  and f o u r  Gr ids  a r e  n e a r l y  
i d e n t i c a l  t o  t h e  convergence r a t e s  f o r  Courant num- 
bers  o f  t w o ,  th ree ,  and f o u r  shown i n  F i g .  2,  b u t  
r e q u i r e  l e s s  CPU t ime.  The f o u r - g r i d  cu rve  i n  
F i g .  4 i s  about t h e  bes t  t h a t  we have done w i t h  
N i l s  scheme, bu t  I t  i s  n o t  as f a s t  o r  easy t o  p ro-  
gram as t h e  f i v e - s t a g e  scheme w i t h  i m p l i c i t  
r e s i d u a l  smoothing shown i n  F i g .  3. 

F i n a l l y ,  Eq. ( 2 2 )  shows t h a t  t h e  c o a r s e - g r i d  

M u l t i s t a q e  N i  Scheme 

The major drawback o f  N i - t y p e  schemes i s  t h a t  
t he  Lax-Fredr ichs  c o a r s e - g r i d  scheme has a Courant 
l i m i t  o f  one. Hence, t h e r e  i s  no major  g a i n  i n  
us ing  a m u l t i s t a g e  Runge-Kutta method on the  f i n e  
g r i d  w i t h  a l a r g e  Courant number when t h i s  cannot 
be main ta ined on coarser  g r i d s .  An a l t e r n a t i v e  i s  
t o  use a m u l t i s t a g e  Runge-Kutta a l g o r i t h m  on a l l  
g r i d s .  Th is  necess i ta tes  r e w r i t i n g  t h e  Runge-Kutta 
scheme s o  t h a t  o n l y  Aq appears. Consider t h e  
equa t ion  

q t  = F, 

A t y p i c a l  stage o f  a Runge-Kutta scheme i s  

We wish  t o  r e w r i t e  t h e  r i gh t -hand  s i d e  o f  ( 2 4 )  so 
t h a t  o n l y  Aq appears. Note t h a t  
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Using a Tay lo r  s e r i e s  expansion f o r  F(q3 t A q j k ) )  
we f i n d  t h a t  an a l t e r n a t i v e  t o  Eq. (24)  i s  

o r  

Here o n l y  Aq's appear, as i n  N i l s  o r i g i n a l  scheme. 
Furthermore, f o r  a l i n e a r  problem we have t h e  s tan-  
dard  Runge-Kutta scheme and so  t h e  s t a b i l i t y  con- 
d i t i o n s  a r e  unchanged. 

The m u l t i s t a g e  coarse-gr id  scheme g i ven  by 
Eq. (25)  i s  thus  proposed as an a l t e r n a t i v e  t o  
N i - t y p e  schemes t h a t  would pe rm i t  l a r g e r  Courant 
numbers on the  coarse g r i d s .  

F u l l  Approx imat ion  Storage (FAS) M u l t i q r i d  Method 

Brand t ' s  FAS m u l t i g r i d  has been developed as a 
genera l  s t r a t e g y  f o r  a c c e l e r a t i n g  i t e r a t i v e  schemes 
and may be a p p l i e d  d i r e c t l y  t o  t h e  m u l t i - s t a g e  
schemes. I t  r e s u l t s  i n  a coa rse -g r id  equa t ion  t h a t  
has t h e  same fo rm as the f i n e - g r i d  equa t ion  w i t h  
t h e  a d d i t i o n  o f  a f o r c i n g  f u n c t i o n .  The m u l t i s t a g e  
scheme may thus be used d i r e c t l y  on t h e  coarser  
g r i d s ,  w i t h  success ive ly  l a r g e r  t ime steps on suc- 
c e s s i v e l y  coarser  g r i d s .  Th is  i s  t h e  p r imary  
advantage o f  B r a n d t ' s  o r  Jameson's methods over 
N i l s  method. Here we develop F A S  m u l t i g r i d  us ing  
B rand t ' s  n o t a t i o n ,  then show t h e  r e l a t i o n s h i p  t o  
Jameson's method. 

____ B rand t ' s  n o t a t i o n . l l  Consider a genera l  
steady non l i nea r  equat ion on a g r i d  w i t h  spacing 
parameter h.  

Rhqh = f h  (26)  

where t h e  f o r c i n g  f u n c t i o n  f h  may be zero.  
Consider an approximate s o l u t i o n  ?j'h, eva lua te  
Rhyh and s u b t r a c t  i t  from each s i d e  o f  
Eq. (26 )  t o  g e t  t h e  res idua l  equat ion .  

Rhqh - Rhqh = f h  - Rh?j'h 

l h i s  may be approximated on a coarser  2h g r i d  
us ing  

( 27 1 
2h 2h 

Rphq2h = R2h1h qh ' I h  ( f h  - Rhqh) 

where Iih means i n t e r p o l a t i o n  f rom the  h - g r i d  t o  
t h e  2 h - g r i d .  The unsteady terms may be added t o  
Eq. (27 )  t o  g i v e :  

Equat ion  (28 )  may now be so lved on t h e  2h -g r id  
us ing  t h e  Runge-Kutta scheme: 

and t h e  c o r r e c t i o n s  may be i n t e r p o l a t e d  back t o  
t h e  h - g r i d  us ing :  

On more than two g r i d s ,  Eqs. (29 )  and ( 3 0 )  may 
be a p p l i e d  r e c u r s i v e l y .  

I t  can be shown t h a t  Eqs. (29)  and ( 3 0 )  a r e  t h e  
2h -g r id  approx imat ion  t o  l i n e a r i z i n g  Eq. (26)  around 
t h e  c u r r e n t  s o l u t i o n  ?j'2h, s o l v i n g  Eq. (26 )  f o r  
t h e  e r r o r  e2h = q2h - ?f2h, and then upda t ing  

t h e  c u r r e n t  s o l u t i o n  by qh + qh + 12he2h. T h i s  
approx imat ion  i s  reasonable o n l y  i f  t h e  e r r o r  
i s  smooth and t h e r e f o r e  v i s i b l e  on t h e  2h -g r id .  
Thus, i t  i s  d e s i r a b l e  t o  choose t h e  parameters o f  
t h e  Runge-Kutta scheme t o  i n s u r e  smoothing o f  h igh -  
wavenumber e r r o r s .  

- - h  

e2h 

I f  t h e  f i n e  g r i d  converges, f h  - Rhqh = 0 and 
Eq. (28 )  becomes 

o r  

2h 
( q  ) = 0 s ince  q2h = Ih qh 

2h t 

so t h a t  t h e  c o a r s e - g r i d  scheme ma in ta ins  f i n e - g r i d  
accuracy.  L i k e  N i l s  scheme, t h i s  i s  t r u e  even i f  
t h e  c o a r s e - g r i d  r e s i d u a l  R2h i s  d i f f e r e n t  f rom 
t h e  f i n e - g r i d  r e s i d u a l  Rh, so t h a t  on t h e  coarse  
g r i d s  a s imp le  f i r s t - o r d e r  a r t i f i c i a l  v i s c o s i t y  may 
be used and t h e  p h y s i c a l  v i s c o s i t y  may be neg lec ted  
a l t o g e t h e r .  

genera l  unsteady equa t ion  w r i t t e n  i n  f i n i t e - v o l u m e  
form: 

Jameson's _nota t ion9.  Jameson s t a r t s  w i t h  a 

d ; (Vq) + Rq = 0; V = volume (31 )  

and d e f i n e s  a c o a r s e - g r i d  f o r c i n g  f u n c t i o n  as t h e  
d i f f e r e n c e  between the  c o a r s e - g r i d  r e s i d u a l  and the  
sum o f  t h e  f i n e - g r i d  r e s i d u a l s :  

On t h e  coarse  g r i d s  t h e  m u l t i s t a g e  scheme i s  
implemented u s i n g  

where o r  

6 



(33) 

Jameson’s coa rse -g r id  scheme Eq. (33)  may be com- 
pared d i r e c t l y  w l t h  t h e  one based on Brandt  
Eq. ( 2 8 ) .  wh ich  i s  repeated below f o r  re fe rence .  

I t  i s  e v i d e n t  t h a t  t h e  two schemes a r e  equiva- 
l e n t  i n  f o r m  b u t  d i f f e r  i n  t h e  i n t e r p o l a t i o n  or  
g r i d - t r a n s f e r  opera tors .  

Gr id -T rans fe r  Operators 

Be fo re  d i scuss ing  these opera to rs  we no te  some 
d i f f e r e n c e s  i n  coa rse -g r id  da ta  l o c a t i o n s  between 
node-centered  ( f i n i t e - d l f f e r e n c e  o r  F.D.) and c e l l -  
cen tered  ( f i n i t e - v o l u m e  o r  F . V . )  schemes. I n  
node-centered schemes, coa rse -g r id  nodes c o i n c i d e  
w i t h  f i n e - g r i d  nodes (F ig .  5 ( a ) )  so t h a t  v a r i a b l e s  
can be t r a n s f e r r e d  between g r i d s  d i r e c t l y  w i t h o u t  
i n t e r p o l a t i o n .  Th is  process i s  termed “ i n j e c t i o n . ”  
I n  c e l l - c e n t e r e d  schemes, however, coa rse -g r id  
c e l l s  a r e  made up o f  seve ra l  f i n e - g r i d  c e l l s ,  and 
the  cen te rs  o f  t h e  coarseand f i n e - g r i d  c e l l s  a r e  
no t  c o i n c i d e n t  ( F i g .  S (b ) ) .  Thus, i t  i s  always 
necessary t o  use some fo rm o f  i n t e r p o l a t i o n  between 
g r i d s  w i t h  c e l l - c e n t e r e d  schemes. The g r i d  t r a n s f e r  
ope ra to rs  used i n  t h e  FD and F V  codes are  l i s t e d  
below: 

-- R e s t r i c t i o n  opera tors .  For the  term : ihqh t h e  

t he  F D  code uses I n j e c t i o n  and the  F V  code uses a 
volume-weighted average. 

F D :  q2h = qh 

F V :  qZh =cy””” 
‘2h 

( 3 4 )  

2h For t h e  r e s t r i c t i o n  of  t he  f i n e - g r i d  r e s i d u a l ,  
Ih (Rhqh - f h ) ,  Brandt recommends a weighted-average 

over seve ra l  g r i d  p o i n t s .  Al though t h e  F D  code 
cou ld  use i n j e c t i o n  here we have ob ta ined much 
b e t t e r  convergence r a t e s  us ing  an unweighted average 
over n i n e  ne ighbor ing  nodes. The F V  code uses a 
sum over t h e  f o u r  f i n e - Q r i d  c e l l s  t h a t  make U P  the 
c o a r s e - g r i d  

2h 
FD:  Ih 

2h 
F V :  Ih 

c e l l .  

9 nodes 

(35) 

Pro longa t ion  opera to rs .  For the  express ion  
h 2h 

qh + qh + 12h(q2h - I q ), bo th  codes c a l c u l a t e  h h  

2h t h e  te rm Ih qh as desc r ibed  above, s u b t r a c t  i t  
f rom q t o  g e t  t h e  coa rse -g r ld  c o r r e c t i o n ,  then 

t r a n s f e r  t h e  c o r r e c t l o n  t o  t h e  f l n e  g r i d  us ing  
b i l i n e a r  i n t e r p o l a t i o n .  I f  more than one 
Runge-Kutta sweep I s  performed on a coarse g r i d  then 

2h 
Ih qh 

Thus t h e  main d i f f e r e n c e  between t h e  f i n l t e -  
d i f f e r e n c e  and f i n i t e - v o l u m e  m u l t i g r i d  schemes i s  
t h e  r e s t r i c t i o n  opera to rs  which have been chosen 
a p p r o p r i a t e l y  f o r  each scheme. We suspect t h a t  t h e  
d i f f e r e n c e s  have minor e f f e c t s  on convergence 
ra tes ,  b u t  have n o t  q u a n t l f l e d  those e f f e c t s .  

2h 

must be s to red  o r  recons t ruc ted .  

Coarse-Grid Boundary Cond i t i ons  

Most o f  t h e  boundary c o n d i t i o n s  descr ibed ear -  
l i e r  i n v o l v e  e x t r a p o l a t i o n s  o r  one-sided d i f -  
fe rences  and do n o t  m a i n t a i n  f i n e - g r i d  accuracy 
when a p p l i e d  d i r e c t l y  on coarse g r i d s .  I t  i s  pos- 
s i b l e  t o  d e f i n e  a boundary c o n d i t i o n  f o r c i n g  func-  
t i o n  s i m i l a r  t o  Jameson’s I n t e r i o r  f o r c i n g  f u n c t i o n  
Eq. (32 ) .  b u t  t h i s  inc reases  programming com- 
p l e x i t y .  I ns tead ,  c o a r s e - g r i d  boundary c o n d i t i o n s  
a r e  computed w i t h  coa rse -g r id  accuracy, b u t  o n l y  
t h e  change i n  boundary values d u r i n g  t h e  Runge- 
K u t t a  c y c l e  i s  t r a n s f e r r e d  back t o  t h e  f i n e  g r i d ,  
1 .e., 

Th is  f o r m u l a t i o n  ma in ta ins  cons is tency  i n  t h a t  i f  
the  i n t e r i o r  scheme converges t h e  coa rse -g r id  scheme 
cannot change t h e  f i n e - g r i d  boundary values. 

I n  t h e  f i n i t e - d i f f e r e n c e  code, boundary con- 
d i t i o n s  a r e  updated a f t e r  every complete Runge- 
K u t t a  cyc le .  I n  t h e  o r i g i n a l  ve rs ion  o f  FL052MG. 
boundary c o n d i t i o n s  were f rozen  on coarse g r i d s .  
I n  the  p resen t  v e r s i o n  o f  FL052MG. boundary con- 
d i t i o n s  a r e  updated a f t e r  every stage o f  t h e  Runge- 
K u t t a  scheme and a f t e r  every  g r i d  t r a n s f e r .  

Proqramminq C o n s l d e r a t i m  

a l l  t h e  g r i d s  end-to-end i n  one long, s i n g l y -  
dimensioned a r ray .  Th is  inc reases  the  r e q u i r e d  
s to rage by about 4 /3  i n  two-dimension o r  8/7 i n  
th ree-d imens ion .  Brandt  t y p i c a l l y  accesses these 
long  a r rays  by i n d i r e c t  address ing  which can be 
d i f f i c u l t  t o  program and v e c t o r i z e .  Jameson over -  
comes these d i f f i c u l t i e s  i n  FL052MG by d e f i n i n g  
s ing ly -d imens ioned a r rays  I n  t h e  main program bu t  
work ing  w i t h  mu l t i p l y -d imens ioned  a r rays  i n  t h e  
subrout ines  which have t h e  a r r a y  s i z e  and s t a r t i n g  
l o c a t i o n  passed th rough t h e i r  argument l i s t .  Th is  
techn ique a l l ows  e x i s t i n g  n o n m u l t l g r i d  subrout ines  
t o  be conver ted  t o  m u l t i g r i d  w i t h  min ima l  changes. 
Never the less ,  FAS m u l t i g r i d  i s  cons ide rab ly  more 
d i f f i c u l t  t o  program than N i l s  method. 

FAS m u l t i g r l d  i s  u s u a l l y  programmed by s t o r i n g  

F u l l  M u l t i g r i d  

F u l l  m u l t i g r i d  (FMG) combines success ive  g r i d  
re f inement  w i t h  FAS m u l t i g r i d .  The s o l u t i o n  i s  
s t a r t e d  on t h e  coa rses t  g r i d  and i s  i t e r a t e d  a few 
t i m e s  us ing  t h e  f i n e - g r i d  scheme, p o s s i b l y  w i t h  FAS 
m u l t i g r i d  as w e l l .  The s o l u t i o n  i s  nex t  i n t e r -  
po la ted  t o  t h e  n e x t - f i n e r  g r i d  where i t  p rov ides  a 
good i n i t i a l  guess, then the  process i s  repeated 
u n t i l  t h e  f i n e s t  g r i d  i s  reached and t h e  
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s o l u t i o n  converges. 
i s  w a s t e f u l  t o  d r i v e  the r e s i d u a l  t o  zero on coarse 
FMG g r i d s .  
a r e  s u f f i c i e n t ,  w i t h  more i t e r a t i o n s  used o n l y  on 
t h e  f i n e s t  g r i d .  

M u l t i g r i d  Cycle 

sawtoo th -cyc le  w i t h  one Runge-Kutta i t e r a t i o n  on 
each g r i d .  
T u r k e l ' s  exper ience has shown some inc rease  i n  
e f f i c i e n c y  by do ing  one i n t e r a t i o n  on t h e  
two i t e r a t i o n s  on the  
on a l l  coarser  g r i d s .  
coa rses t  g r i d  may a c t u a l l y  decrease the  convergence 
r a t e .  

M u l t i g r i d  Resu l ts  

problem o f  F i g .  1 using t h e  f i n i t e - d i f f e r e n c e  
code. Here 300 i t e r a t i o n s  were run  on each o f  f ou r  
success ive  g r i d s  t o  show the  convergence r a t e  on 
each. Normal ly  o n l y  2 5  i t e r a t i o n s  would be run  on 
t h e  f i r s t  t h r e e  g r i d s .  
was run  w i t h  t h e  fou r -s tage  scheme a lone  and has a 
s p e c t r a l  rad ius  o f  0.962. 
g r i d s  have s p e c t r a l  r a d i i  o f  0.937, and t h e  f i n e s t  
g r i d  (129 by 33) converges w i t h  a s p e c t r a l  rad ius  
o f  0.95. 

Experience has shown t h a t  i t  

We have found t h a t  25 Runge-Kutta cyc les  

I n  t h e  f i n i t e - d i f f e r e n c e  code we use a V o r  

A t y p i c a l  c y c l e  i s  diagrammed i n  F ig .  6.  

2h -g r id ,  and t h r e e  i t e r a t i o n s  
More i t e r a t i o n s  on t h e  

h - g r i d ,  

F igu re  7 shows FMG convergence r a t e s  f o r  t h e  

The coa rses t  g r i d  (17  by 5) 

The second and t h i r d  

F i g u r e  8 shows the FMG convergence r a t e  o f  
T u r k e l ' s  ve rs ion  of  Jameson's f i n i t e - v o l u m e  code 
FL052MG f o r  e x t e r n a l  f l o w  about an RAE2822 super- 
c r i t i c a l  a i r f o i l  w i t h  M, = 0.75 and u = 3O. 
A C-type g r i d  was used w i t h  160 by 32 p o i n t s  on t h e  
f i n e s t  g r i d .  
t h e  coarse and medium g r i d s ,  w i t h  two and t h r e e  
g r i d  l e v e l s  used r e s p e c t i v e l y .  
were run  on t h e  f i n e s t  g r i d  w i t h  f o u r  g r i d  l e v e l s ,  
g i v i n g  a s p e c t r a l  radius o f  about 0.763. Th is  i s  a 
t y p i c a l  convergence ra te  f o r  t h i s  code f o r  i n v i s c i d  
e x t e r n a l  f l ows  on un i fo rm g r i d s .  

T h i r t y  i t e r a t i o n s  were run  on bo th  

N ine ty  i t e r a t i o n s  

F igu re  9 compares convergence r a t e s  f o r  N i l s  
method, t h e  f i n i t e - d i f f e r e n c e  Runge-Kutta scheme 
a lone,  and t h e  f i n i t e - d i f f e r e n c e  and f i n i t e - v o l u m e  
Runge-Kutta schemes w i t h  F A S  m u l t i g r i d .  The N i  
m u l t i g r i d  r e s u l t s  were r u n  w i t h  f o u r  g r i d s  a t  a 
Courant number o f  0.95, and show a s p e c t r a l  rad ius  
o f  0.995. The f o u r - s t a g e  Runge-Kutta r e s u l t s  were 
run  w i t h  i m p l i c i t  r es idua l  smoothing a t  a Courant 
number o f  5 . 2  and show a s p e c t r a l  r a d i u s  o f  0.994. 
l h e  f i n i t e - d i f f e r e n c e  FAS m u l t i g r i d  r e s u l t s  were 
run  w i t h  t h e  same Runge-Kutta parameters as above 
b u t  w i t h  25 FMG i t e r a t i o n s  on each coarse g r i d  and 
300 FAS i t e r a t i o n s  on t h e  f l n e s t  g r i d .  
r a d i u s  o f  t h e  FAS m u l t i g r i d  scheme i s  0.943. The 
f i n i t e - v o l u m e  F A S  m u l t i g r i d  r e s u l t s  were run  w i t h  a 
f o u r - s t a g e  scheme a t  a Courant number o f  6.0 and 
a l s o  w i t h  a f i ve -s tage  scheme a t  a Courant number o f  
7.5.  These r e s u l t s  show s p e c t r a l  r a d i i  o f  0.855 and 
0.822 r e s p e c t i v e l y .  The d i f f e r e n c e s  i n  convergence 
r a t e  between t h e  f i n i t e - d i f f e r e n c e  and f i n i t e -  
volume codes a r e  probably due t o  t h e  a d d i t i o n a l  
en tha lpy  damping s t e p  used i n  the  f i n i t e - v o l u m e  
code. 

The s p e c t r a l  

C i r c l e s  on F i g .  9 show equal  CPU t imes o f  
16.7 sec on t h e  Cray X - M P .  I n  terms o f  CPU t ime 
r e q u i r e d  t o  reach a c e r t a i n  convergence l e v e l ,  t h e  
i m p l i c i t l y - s m o o t h e d  Runge-Kutta scheme a lone  i s  
m a r g i n a l l y  f a s t e r  than N i l s  scheme. l h e  two FAS 

m u l t i g r i d  schemes a r e  s i m i l a r  t o  each o the r  i n  per -  
formance and a r e  approx ima te l y  8.5 t imes f a s t e r  
than N i l s  scheme o r  the  i m p l i c i t l y - s m o o t h e d  scheme 
a lone.  

E r r o r  Smoothing Versus Time-Marchinq 

equat ions ,  p o i n t  Jacob i  o r  Gauss-Seidel i t e r a t i o n  
schemes were used because o f  t h e i r  a b i l i t y  t o  smooth 
h igh - f requency  e r r o r s .  The f a c t  t h a t  these schemes 
cou ld  be i n t e r p r e t e d  as t ime-marching schemes was 
cons idered i r r e l e v a n t .  I n  c o n t r a s t  N i l s  scheme has 
been r e f e r r e d  t o  as "hyperbo l i c  m u l t i g r i d "  w i t h  I t s  
main purpose be ing  t o  advance r a p i d l y  i n  t ime  us ing  
coa rse -g r id  i n f o r m a t i o n .  

I t  i s  n o t  c l e a r  which i n t e r p r e t a t i o n  i s  more 
a p p r o p r i a t e  f o r  a n a l y s i s  o f  FAS m u l t i g r i d  schemes 
a p p l i e d  t o  h y p e r b o l i c  problems. Jamesong bases 
h i s  a n a l y s i s  on t h e  smoothing p r o p e r t i e s  o f  t h e  
Runge-Kutta scheme. On t h e  o the r  hand, 
Jesperson l6  has shown t h a t  m u l t i g r i d  s o l u t i o n s  
possess t ime-accu ra te  p r o p e r t i e s .  Thus F A S  may 
work because i t  a l l ows  l a r g e r  t ime-s teps  on t h e  
coarser  g r i d s .  

I n  t h e  o r i g i n a l  work on m u l t i g r i d  f o r  e l l i p t i c  

Using a s t a b i l i t y  a n a l y s i s  o f  t h e  l i n e a r  one- 
d imens iona l  convec t ion  equa t ion  w i t h  f o u r t h -  
d i f f e r e n c e  a r t i f i c i a l  d i s s i p a t i o n  i t  i s  p o s s i b l e  t o  
choose t h e  m u l t i s t a g e  scheme parameters ak .  p, 
C, and x t o  maximize the  smoothing and t h e  t ime  
s tep .  Jameson has pub l i shed  seve ra l  se ts  o f  these 
parameters i n  Ref.  9.  Dur ing  the  c u r r e n t  work 
Scha f fe r  developed an o p t i m i z a t i o n  code t h a t  chooses 
these parameters t o  min imize  t h e  area  under the  
a m p l i f i c a t i o n  f a c t o r  curve .  

Exper ience w i t h  these "op t ima l  parameter 
schemes" has been i n c o n c l u s i v e .  I t  i s  c l e a r  t h a t  
bo th  l a r g e  Courant numbers and h i g h  smoothing l ead  
t o  f a s t  convergence. However, schemes w i t h  equal  
Courant numbers b u t  very  d i f f e r e n t  one-dimensional  
smoothing p r o p e r t i e s  o f t e n  have s i m i l a r  convergence 
r a t e s .  We suspect t h a t  t he  e f f e c t s  o f  s t r e t c h e d  
g r i d s  on t h e  a r t i f i c i a l  v i s c o s i t y  and the  e f f e c t s  
o f  a p p l y i n g  i m p l i c i t  r e s i d u a l  smoothing as a 
sequence o f  one-d imens iona l  ope ra to rs  a re  such t h a t  
t he  a m p l i f i c a t i o n  f a c t o r  f o r  t he  two dimension codes 
do n o t  look  much l i k e  t h e  one-dimensional  model 
r e s u l t s .  A lso ,  Jameson has shown t h a t  a m p l i f i c a t i o n  
f a c t o r s  can vary cons ide rab ly  f rom g r i d  t o  g r i d17  
making i t  d i f f i c u l t  t o  p r e d i c t  t h e  behav io r  o f  t h e  
o v e r a l l  m u l t i g r i d  scheme. 

Viscous Resu l ts  ~ _ _ _ _ .  

Experimental  da ta  f o r  t h e  i n t e r a c t i o n  o f  an 
o b l i q u e  shock wave w i t h  a laminar  boundary l a y e r  
have been pub l i shed  by Hakkinen e t  a1.18 
case has been computed by many researchers ,  n o t a b l y  
by MacCormack and Baldwin19 us ing  a 32 by 32 mesh. 

Here we have computed t h i s  f l o w  w i t h  a 113 by 

Th is  

41 mesh. The f ree -s t ream Mach number i s  2. l h e  
upper boundary was t r e a t e d  as an i n v i s c i d  w a l l  
which was bent  3.091" t o  genera te  an o b l i q u e  shock 
t h a t  i n t e r s e c t s  t h e  lower w a l l  a t  0.16 f t  a t  an 
ang le  o f  32.585". 
o f  0.003 f t  and a y -spac ing  a t  t h e  w a l l  o f  
0.0001 f t ,  s t r e t c h i n g  g e o m e t r i c a l l y  th rough the  
boundary l a y e r  t o  a cons tan t  spacing above. A t  t he  
w a l l  t h e  g r i d  aspect r a t i o  i s  3 0 : l .  

The g r i d  has a cons tan t  x -spac ing  
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F i g u r e  10 shows an Eu le r  s o l u t i o n  computed on 
the  v iscous  g r i d .  S t a t i c  p ressure  contours  a r e  
shown a t  t h e  bo t tom and the  l ower -wa l l  p ressure  
distribution I s  compared t o  exper imenta l  da ta  a t  
t h e  top .  The i n v i s c i d  lower w a l l  has no e f f e c t  on 
t h e  f l o w  except  t o  r e f l e c t  t h e  i n c i d e n t  shock. The 
computed pressure  d i s t r i b u t i o n  shows some overshoot 
a f t e r  t h e  r e f l e c t e d  shock b u t  a good comparison 
w i t h  t h e  o v e r a l l  shock s t r e n g t h .  

and FAS m u l t i g r i d  schemes a r e  shown i n  F ig .  11. A l l  
t h r e e  schemes show f a s t  i n i t i a l  convergence f o r  t h i s  
p u r e l y  superson ic  f l ow ,  b u t  a l l  s low down a b r u p t l y  
a f t e r  a t h r e e - t o - f o u r  decade drop  i n  t h e  res idua ls ,  
presumably because o f  t h e  very  f i n e  g r i d  a t  t h e  
w a l l .  I t  appears t h a t  t h e  m u l t i g r i d  schemes pa r -  
a l l e l  t h e  convergence behav io r  o f  t he  f i n e - g r i d  
scheme b u t  a t  a f a s t e r  r a t e .  The N i  scheme shows a 
s u r p r i s i n g  d i p  and jump i n  convergence near t h e  end. 
C i r c l e s  showing convergence l e v e l s  a t  equal  CPU 
t imes o f  22.3 se t  i n d i c a t e  t h a t  t h e  t h r e e  schemes 
a r e  comparable i n  speed f o r  t h i s  case. 

Convergence h i s t o r i e s  f o r  t h e  N i ,  Runge-Kutta, 

F i g u r e  12 shows t h e  t h i n - l a y e r  Nav ie r -S tokes  
s o l u t i o n  f o r  t h i s  problem. Flow c o n d i t i o n s  were 
chosen t o  g i v e  a Reynolds number o f  2 .96~105  a t  
t h e  shock ( x  = 0.16 f t ) .  S t a t i c  p ressure  contours 
a t  t h e  bo t tom o f  F i g .  12 show n o t  o n l y  t h e  i n c i d e n t  
and r e f l e c t e d  shocks b u t  a l e a d i n g  edge shock t h a t  
r e f l e c t s  f rom the  upper w a l l  and compression waves 
generated by the  separa t i on  bubble.  The lower -wa l l  
s t a t i c  p ressu re  d i s t r i b u t i o n  i s  compared t o  the  
exper imenta l  da ta  a t  t h e  cen te r  o f  F i g .  12 and shows 
good agreement a f t e r  t h e  leading-edge and r e f l e c t e d  
shocks, b u t  s l i g h t l y  under p r e d i c t s  t h e  p l a t e a u  
pressure  i n  t h e  separated reg ion .  Computed s k i n  
f r i c t i o n  shown a t  t he  top  o f  F ig .  12 shows very  good 
agreement w i t h  t h e  da ta ,  i n c l u d i n g  separa t i on  and 
rea t tachment  p o i n t s .  Note t h a t  s k i n  f r i c t i o n  was 
n o t  measured i n  t h e  reverse  f l o w  reg ion .  

Viscous f l o w  convergence r a t e s  shown i n  F i g .  13 
a r e  s lower than f o r  t h e  Eu le r  case and show t h e  same 
tendency t o  s low down, b u t  n o t  s o  a b r u p t l y .  C i r c l e s  
a t  equal  CPU t imes o f  28 sec show t h a t  t h e  Runge- 
K u t t a  scheme w i t h  i m p l i c i t  smoothing i s  s l i g h t l y  
f a s t e r  than N i ' s  scheme, bu t  t h a t  t h e  FAS m u l t i g r i d  
scheme i s  about 2.1 t imes f a s t e r .  

Conclusion 

I n  t h i s  work we have developed and compared the 
N i ,  Jameson. and Brandt  types o f  mu l t ig r id -schemes.  
Each scheme uses t h e  Runge-Kutta method as the  basic 
a l g o r i t h m  and t h a t  method has been s t u d i e d  w i t h o u t  
m u l t i g r i d  as w e l l .  

We have demonstrated t h a t  t h e  e f f i c i e n c y  o f  
t he  Runge-Kdtta scheme increases  w i t h  number o f  
stages and t h a t  convergence r a t e  inc reases  w i th  
Courant number. We have shown t h a t  N i l s  scheme 
g i ves  one f i n e - g r i d  t ime  s tep  on each coarse g r i d  
b u t  t h a t  i t s  Courant l i m i t  o f  one l i m i t s  t h e  e f f e c -  
t i veness  o f  t he  scheme. We propose a m u l t i s t a g e  
c o a r s e - g r i d  scheme t o  improve t h e  Courant l i m i t .  
Using i m p l i c i t  r e s i d u a l  smoothing t o  inc rease t h e  
Courant i i m i t  o f  t h e  Runge-Kutta scheme w i t h o u t  
m u l t i g r i d  g i v e s  a scheme s l i g h t l y  more e f f i c i e n t  
than N i ' s .  

We have shown t h a t  Jameson's f i n i t e - v o l u m e  
m u l t i g r i d  scheme and a f i n i t e - d i f f e r e n c e  scheme 
based on B r a n d t ' s  work a re  s i m i l a r  i n  form, b u t  

w i t h  d i f f e r e n c e s  between i n t e r p o l a t i o n  methods f o r  
t h e  c e l l - c e n t e r e d  and node-centered schemes. For 
an i n v i s c i d  t ranson ic  model problem t h e  f i n i t e -  
d i f f e r e n c e  m u l t i g r i d  scheme I s  about 8.5 t imes 
f a s t e r  than t h e  bes t  N i  o r  Runge-Kutta scheme w i t h -  
o u t  m u l t i g r i d .  Jameson's f i n i t e - v o l u m e  code i s  
about t h r e e  t imes f a s t e r  than t h a t  i n  terms o f  
i t e r a t i o n s ,  p robab ly  due t o  t h e  a d d i t i o n a l  en tha lpy  
damping s tep .  The two m u l t i g r i d  codes a r e  about 
equal  i n  terms o f  CPU t ime.  

h i g h l y - s t r e t c h e d  g r i d s .  For a shock-boundary l a y e r  
i n t e r a c t i o n  problem t h e  f i n i t e - d i f f e r e n c e  m u l t i g r i d  
code was s t i l l  2.1 t imes f a s t e r  than t h e  b e s t  N1 o r  
Runge-Kutta scheme w i t h o u t  m u l t i g r i d .  We b e l i e v e  
t h a t  s i g n i f i c a n t  improvements can s t i l l  be made i n  
m u l t i g r i d  convergence r a t e s  f o r  v iscous  f l ows .  

Convergence r a t e s  o f  a l l  methods decrease on 
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TABLE I .  - C O E F F I C I E N T S  ai AND 
APPROXIMATE MAXIMUM COURANT 

NUMBER h* FOR k-STAGE 

R U N G E - K U T l A  S C H € M t S  

USED HERE 

S U i E R C R I I I C A L  B A S E L I N E I  129-33 GRID 
t i A C H  0.675 R E  0. n L P n 8  0.00 I T E R  I200 
B A C H  C D N I O U R S  * I N  a . w o  N A X  1 .350  I N C  0.050 

FIGURE 1.-  TOP: 129x33 GRID OVER A 10% THICK CIRCULAR ARC BUNP. 
BOTTON: MACH CONTOURS. fllN = 0.675, SONIC LINE I S  DASHED. 

h K  
- 5  

0 CPU TIM = 29.6 SEC 

IIEP4IlON 2 o o o  IO00 

I 
- l o l o  I I ' ' ' I ' ' 
S U P E P C R I  I I C A L  8 n s E i  I N E  c n w .  1 z 9 - 3 3 ~ ~ 1 0  
N 4 C H  0.675 R E  0. A L P H A  0.00 I l E R  3000 

FIGURE 2.- COMPARISON OF CONVERGENCE RATES FOR K-STAGE SCHEMES AT 
VARIOUS COURANT NUMBERS h .  
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A I  
3 N / I  

OCPU TIME = 29.6 SEC 

A CPU T I E  = 46.5 SEC 6 1  

~ 

SUPEPCPI I I C A L  BASEL / N E .  1 2 9 - 3 3  G R I D  
I A C H  0 . 6 7 5  RE 0. A L P H A  0.00 lTfR\OO 

a ?  

FIGURE 3.- COMPARISON OF CONVERGENCE RATES AT COURANT N0.A. 
5-STAGE SCHEME, 2 EVALUATIONS OF D I S S I P A T I O N .  I M P L I C I T  
SMOOTHING WITH PARAMETER E AFTER EACH STAGE, 

mor I 
A d d  h 2h 

h 2h 
( B )  

FIGURE 5.- RELATIONSHIP BETWEEN F I N E -  AND COARSE-GRID 
POINTS 
( A )  NObt -C tN IERED ( F i N i T E  DIFFERENCE) SCHEMES. 
(B) CELL-CENTERED ( F I N I T E  VOLUME) SCHEMES. 

G R I D  

h 
2h 
4h 

I \-"-, i. _7 - p - 2  __ 

25 CYC 25 CYC 25 CYC 300 CYC 
1 GRID 2 GRIDS 3 GRIDS 4 GRIDS 

I NUMBER 
w 

GRIDS 

-1 . 

S U P E P C R I  T I C A L  BASEL / N E  C A S E ,  1 2 9 . 3 3 G R I D  
NACH 0 .625  RE 0. ALPHA 0.00 I T E R  2000 

FIGURE 4.- COMPARISON OF CONVERGENCE RATES FOR N-GRID NI-SCHEMES. 

I I 

F!GW'E 7.- FII~I M l l L T l G R l D  CONVERGENCE RATES (?Ax AND RMS DENSITY 
RESIDUAL) FOUR STAGES, A =  5.2. 

FIGURE 6.- TYPICAL FMG CYCLE FOR THE F IN ITE-DIFFERENCE 
CODE. 
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r 40x8 80x16 160x32 
2 GRIDS 3 GRIDS 4 GRIDS 

R a f  2822 '1 
U A C H  0 . 7 5 0  RE 0 .  A L P H A  3 .00  I T E R  1 5 0  

NAME 

N I  
RK 
FD 
FV4 

FV5 

STAGES 

2 
4 
4 
4 

5 

h 
.95 

5.2 
5.2 
6.0 

7.5 

GRIDS 

4 
1 
4 
4 

4 

, ! , / , I ,  

\ l l E R A l l O N  "" 
500 

1 1  \ 

S U P E P C R I T I  ! B A S E L I N E ,  129.33 G R I D  
NIGH 0 . 6  RE 0 .  A L P H A  0 .00  I T E R  375 

FD 

FIGURE 8.- CONVERGENCE HISTORY FOR I N V I S C I D  FLOW ABOUT A R E  2822 
A I R F O I L  USING THE FINITE-VOLUME MULTIGRID METHOD. 

FIGURE 9 . -  COMPARISON OF CONVERGENCE RATES FOR FIVE DIFFERENT SCHEMES. 

E X P E R I M E N T A L  

C O l 4 P U l I l I O N A L  

O B L I O U ~  SHOCX R E F L E C T I O N .  E U L E P  S O ! U I I O N  

N A C H  2.000 R f  0.  A I P H A  0 . 0 0  I l f R  1000 
PS/POIN C O N I O U P S  # I N  0.110 * A X  0 . 1 8 4  I N C  0 . 0 0 3  

FIGURE 10.- OBLIQUE SHOCK REFLECTION, EULER SOLUTION. 
TOP: COMPARISON OF COMPUTED AND MEASURED STATIC  PRESSURES. 
BOTTOM: PRESSURE CONTOURS. 

NAME STAGES GRIDS 

N I  2 .95 4 
RK 4 5.2 1 
MG 4 5.2 4 

o CPU = 22.3 SEC 

O B L I O U f  S H O C K  R f F L € C I I O N ~  f U L f P  S O L U I I O N  
0 .  A L P H A  0.00 T E P  c * r -  2.000 R E  

FIGURE 11.- COMPARISON OF CONVERGENCE RATES FOR I N V I S C I D  FLOW. 
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o o o o o  ii I .  

O B L l Q U C  SHOCK / BOUNOkRY L l Y E R  I N T E R k C T I O N  
HACH 2.000 RE 5 5 Y P I I .  k L P H l  0.00 I T E R  1280 
PS/POIN CONTOURS H I M  0.120 HkX 0.187 INC 0.003 

N M  STAGES A GRIDS 
N I  2 .95 4 
RK 4 5.2 1 
ffi 4 5.2 4 

0 = CPU TIME = 28 SEC 

- 5  

~ 

D B L l O U E  SHOCK / 8 O U N O l R l  L A l E R  I N T E R I C I I O N  \ 
HhCH 2.000 RE 5 5 4 9 4 1 .  l L P H k  0.00 I T E R  IO00 

FIGURE 12.- OBLIQUE SHCJCK/BOUNDARY LAYER INTERACTION. 
TOP: C W A R I S O N  OF COMPUTED AND MEASURED SKIN FRICTION 
RIDDLE: COMPARISON OF COMPUTED AND MEASURED STATIC PRESSURES. 
BOTTOM: PRESSURE CONTOURS. 

FIGURE 13.- COMPARISON OF CONVERBENCE RATES FOR LAMINAR FLOW. 
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